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IMPERFECTION SENSITIVITY 

OF  OPTIMUM  STRUCTURAL DESIGNS 

FOR A MARS ENTRY CAPSULE 

by 

Gerald A. Cohen 

St ruc tures   Research   Assoc ia tes ,  Newport  Beach, C a l i f o r n i a  

SUMMARY 

The imper fec t ion   s ens i t i v i ty   o f   t he   buck l ing  modes of   s ix   op t imized  
Mars e n t r y   c a p s u l e   c o n f i g u r a t i o n s   h a s   b e e n   a n a l y t i c a l l y   e v a l u a t e d .  The 
capsu le   con f igu ra t ions   t r ea t ed   (120"  and 140" blunted  cones  and a 60" 
sphe r i ca l   d i sh   o f   s andwich   cons t ruc t ion ,  and  120"  blunted  cone  and  0A.833 
and OA.65 t e n s i o n   s h e l l s  of r i ng - s t i f f ened   cons t ruc t ion )  were o b t a i n e d   i n  
p rev ious   s tud ie s .   In   add i t ion ,   t he   buck l ing  modes of two  nonoptimum 120" 
t runcated  cones,   one  of   sandwich  and  the  other   of   r ing-st i f fened  construc-  
t i on ,   a l so   p rev ious ly   s tud ied ,   have   been   eva lua ted .  The a n a l y s i s  is based 
on nonl inear   Novozhi lov- type   she l l   and   r ing   theory   and  was performed  with 
t h e   a i d  of a n   i n i t i a l   p o s t b u c k l i n g   d i g i t a l  computer  program  developed  for 
g e n e r a l   r i n g - s t i f f e n e d   s h e l l s  of  r evo lu t ion .   In   each  case t h e   c a l c u l a t i o n s  
were based on nonl inear   prebuckl ing  equi l ibr ium s ta tes ,  a n d   a d d i t i o n a l l y   i n  
the   case  of t h e  two 120"   t runca ted   cones ,   on   l ive   normal   p ressure   loading .  

Resul t s  are p r e s e n t e d   i n   t h e  form  of char t s   o f   snapping   load   versus  
root-mean-square  ampli tude  of   angular   shel l   aqd  r ing  imperfect ions  for  two 
h y p o t h e t i c a l   i m p e r f e c t i o n   s h a p e s , - o n e   b e i n g   p r o p o r t i o n a l   t o   t h e   b u c k l i n g  
mode d e f l e c t i o n s  and the   o the r   p roduc ing   t he   g rea t e s t   poss ib l e   l o s s  of 
s t a b i l i t y   f o r   s u f f i c i e n t l y  small imperfect ion  ampli tudes.  The range  of i m -  
per fec t ion   ampl i tudes   p resented  is 0 t o  5 m i l l i r a d i a n s ,  as the   theory  is 
v a l i d   o n l y   f o r  small imperfec t ions .  The  knockdown f a c t o r s   r e s u l t i n g  from 
a n  assumed  nominal  imperfection  amplitude  of 5 m i l l i r a d i a n s  are: 

0.88  (120"  sandwich  cone),  0.82 (140"  sandwich  cone) 
0 .72   (60"   spher ica l   d i sh) ,   0 .66  (OA.65 t e n s i o n   s h e l l )  
0.62  (120"  r ing-stiffened  cone) , and  0.57 (OA8.33 t e n s i o n   s h e l l )  



INTRODUCTION 

In   Reference  1 the   theory  i s  developed  and a computer  program i s  
p r e s e n t e d   f o r   t h e   e v a l u a t i o n   o f   t h e   i m p e r f e c t i o n   s e n s i t i v i t y   o f   u n i q u e  
b i f u r c a t i o n   b u c k l i n g  modes o f   r i n g - s t i f f e n e d   s h e l l s   o f   r e v o l u t i o n .  The 
method p resen ted   t he re  is an app l i ca t ion   o f   t he   imper fec t ion   ana lys i s   p re -  
s e n t e d   i n  References 2 and 3 ,  which t r a n s l a t e s   t h e   o r i g i n a l   K o i t e r   t h e o r y  
(Refs .   4-6) ,   in to   the  notat ion  of   Budiansky  and  Hutchinson  (Refs .  7 and 8) 
and  includes  nonl inear   prebuckl ing states,  l i v e   l o a d i n g ,   a n d   a r b i t r a r y  im- 
p e r f e c t i o n   s h a p e s .   T h e r e   e x i s t   i n   t h e   l i t e r a t u r e  several previous  appl i -  
c a t i o n s  of Ko i t e r ' s   t heo ry   t o   spec i f i c   she l l s   ( e .g . ,   Re f s .   9 -11 ) ,  and i n  
References 12-14 nonl inear   prebuckl ing s ta tes  were i n c l u d e d   i n   t h e   b u c k l i n g  
and   pos tbuck l ing   ana lyses .   Gene ra l ly ,   i n   p rev ious   s tud ie s ,   t he  end  pro- 
d u c t   o f   t h e   a n a l y s i s   h a s  beer, t he   s econd   pos tbuck l ing   coe f f i c i en t  b (o r  
t h e  i n i t i a l  p o s t b u c k l i n g   s t i f f n e s s )   o f   t h e   p e r f e c t   s h e l l ,   w h i c h ,   f o r   b u c k l i n g  
modes normalized  to   have a no rma l   de f l ec t ion   ampl i tude   equa l   t o   t he   she l l  
th ickness ,  i s  taken as a measure   o f   the   degree   o f   imperfec t ion   sens i t iv i ty .  

The present   s tudy  makes use   o f   t he  method  presented i n  Reference 1 
t o   e v a l u a t e   e i g h t   s h e l l   c o n f i g u r a t i o n s   p r e v i o u s l y   s t u d i e d   i n   R e f e r e n c e s  15, 
16,  and 1 7 .  A l l  of t h e s e   s h e l l s   h a v e   r i n g   s t i f f e n e r s ,   w h i c h  are t r e a t e d  
d i s c r e t e l y .   I n   t h e   o n l y   p r e v i o u s   t r e a t m e n t   o f   r i n g - s t i f f e n e r s   ( R e f .   9 > ,  
t h e   r i n g   s t i f f n e s s  w a s  un i fo rmly   d i s t r ibu ted   ove r   t he   she l l .   I n   add i t ion  
t o  computing the   second  pos tbuck1in .g   coef f ic ien t   for   each   buckl ing  mode, 
t h e   f i r s t  and  second  imperfection  parameters,  a and p , are computed f o r  
two imperfect ion  shapes - one   p ropor t iona l   t o   t he   buck l ing  mode d e f l e c t i o n s ,  
and the   o the r   p roduc ing   t he  maximum v a l u e  of U (and   consequent ly   the   g rea tes t  
loss   o f   buckl ing   s t rength)   for   any   g iven   va lue  of t h e  root-mean-square 
ampl i tude   o f   angular   she l l   and   r ing   imperfec t ions .  From t h e s e   r e s u l t s   c h a r t s  
are made of the   snapping   load   versus   imperfec t ion   ampl i tude .  

I n   t h i s   s t u d y   p o s s i b l e   i n t e r a c t i o n s   b e t w e e n  two o r  more  buckling 
modes of t h e   p e r f e c t   s t r u c t u r e  are neglected.   Also,  as noted i n  Ref. 2 
o t h e r  terms of   the   o rder   o f   the  p -terms h a v e   b e e n   t a c i t l y   n e g l e c t e d   i n   t h e  
development  of t he   f i r s t -o rde r   imper fec t ion   t heo ry .  However, t h e   e x t e n t   t o  
which   nonzero   p -va lues   a f fec t   the   p red ic ted  knockdown f a c t o r s  i s  i n d i c a t i v e  
of t h e   e r r o r   i n   t h e   f i r s t - o r d e r   t h e o r y .  

2 



SYMBOLS 

b 

N 

P 

wR 

wS 

CY 

second  postbuckling  coefficient 

circumferential  harmonic  number 

pressure 

residual  weight  available  for  landed  payload 

total  structure  plus  heatshield  weight 

first  imperfection  parameter 

second  imperfection  parameter 

buckling  load knockdown  factor 

load  factor 

root-mean-square amplitude of angular  shell  and  ring 
imperfections 

Subscripts : 

C critical  value  for  perfect  structure 

S critical value for  imperfect  structure 

mode 

Superscripts: 

pertaining  to  the  imperfection  shape  proportional to 
the mode displacements 

A pertaining  to  the  imperfection  shape  which  maximizes cy 

9; evaluated  at  the  bifurcation  point 

3 



RESULTS 

The e i g h t   s h e l l   c o n f i g u r a t i o n s   t r e a t e d  are def ined i n  d e t a i l   i n  
References 15, 16  and  17  and  any  changes i n   t h e   d e t a i l s   p r e s e n t e d   t h e r e  are 
noted  below.  For  the  designs  of  Reference  16,  only  the  low  temperature 
(300°F), low b a l l i s t i c   c o e f f i c i e n t   ( 0 . 3 2   s l u g / f   t 2 )   c a p s u l e   d e s i g n s  are con- 
s i d e r e d .  The method  of  analysis is presented   in   Reference  1 , and  only 
f i n a l   r e s u l t s  are presented   here .  

The snapping  load X, i s  def ined as t h e   r e l a t i v e  maximum a t t a i n e d  by 
the   l oad   f ac to r  X (p ropor t iona l   l oad ing  i s  assumed)  with  respect   to  de- 
f l e c t i o n   f o r   e q u i l i b r i u m  states of an   imper fec t   s t ruc tu re .   In   t he   ca se  of 
ax isymmetr ic   s t ruc tures   which   buckle   in  a unique  harmonic mode, t h i s   r e l a t i v e  
maximum e x i s t s   f o r  small imper fec t ions   i f   t he   pos tbuck l ing   coe f f i c i en t  b i s  
n e g a t i v e .   A l s o ,   i n   t h i s  case t h e   p e r f e c t   s t r u c t u r e   e x h i b i t s  a postbuckl ing 
load  drop-off a f te r  b i f u r c a t i o n .  The parameters a and p depend on t h e   s p e c i -  
f i c   imper fec t ion   d i sp l acemen t   d i s t r ibu t ion   a s sumed ,   and   i n   ca ses  of nega t ive  
b de te rmine   a long   wi th   the   va lue   o f  b the   s eve r i ty   o f   t he   buck l ing   l oad  knock- 
down. I n   t h i s   s t u d y ,  two imperfect ion  shapes were considered - one p ropor t iona l  
t o   t h e   p e r f e c t   s t r u c t u r e   b u c k l i n g  mode, and   the   o ther   y ieJd ing ,   for  a given 
va lue  of t he  mean square  angular   imperfect ion  ampli tude e2, t h e  maximum 
poss ib l e   va lue  of a , and c o n s e q u e n t l y   f o r   s u f f i c i e n t l y  small imperfect ions,  
t h e  smallest va lue  of As. 

The b a s i c   e q u a t i o n   r e l a t i n g   t h e   r a t i o  of snapping  load X ,  of  an i m -  
p e r f e c t   s t r u c t u r e   t o   b i f u r c a t i o n   l o a d  X,  of the   cor responding   per fec t  
s t ructure   with  the  root-mean-square  angular   imperfect ion  ampli tude 4 f o r  
va r ious   va lues  of the  parameters   b ,  a ,  and p is given as E q .  (3) of Ref- 
erence 1 and  displayed  there  as Figure 1. Because of i t s  fundamental i m -  
p o r t a n c e   t h i s   r e l a t i o n  is rep roduced   he re   a l so   a s   F igu re  1. Two observat ions 
p e r t i n e n t   t o   F i g u r e  1 are noted. F i r s t ,  f o r  p /  a 2 1, X, /A, approaches 
from-above the   ho r i zon ta l   a sympto te  ( p / a  - l ) / (  p / a ) f o r   l a r g e   v a l u e s  
of 4 , whereas   for  p / a  < 1, h s/A, becomes n e g a t i v e   f o r   l a r g e  4 . 
This  behavior  of  the  curves of Figure 1 f o r   l a r g e   c l e a r l y   d o e s   n o t  re- 
p resen t   t he  real  s i t u a t i o n ,  and  indeed  this  i s  c o n s i s t e n t   w i t h   t h e   f a c t  
tha t   the   theory  upon  which t h i s   r e l a t i o n s h i p  is  based i s  a f i r s t -o rde r   t heo ry  
i n  4 . Thus the   cu rves  shown i n   F i g u r e  1 are, i n   r e a l i t y ,   a s y m p t o t e s   o f   t h e  
t rue   cu rves   fo r  + 0 .  Secondly,   i f   based on l inear   p rebuckl ing   theory  
n e g l e c t i n g   p r e b u c k l i n g   r o t a t i o n s ,   t h e   r a t i o  p /  a would e q u a l   u n i t y .  

- 

- 

I n  some cases, the   independent   t rea tment   o f   cer ta in   h igher   buckl ing  
m d e s ,  i .e.,  i n  a harmonic N # Nc, is inaccura te   because  o f  t h e   c l o s e n e s s  
o f   t h e   e i g e n v a l u e   i n   t h e   h a m n i c  N w i th   t ha t   o f   t he   ha rmon ic  2N.  When t h i s  
o c c u r s ,   t h e   d i f f e r e n t i a l   e q u a t i o n s   f o r   t h e  2 N  harmonic  component o f   t h e  
second-order   contr ibut ion  to   the  postbuckled s ta te  a r e   p r a c t i c a l l y   s i n g u l a r ,  
and t h e i r   s o l u t i o n  is so l a r g e  as to   v io l a t e   t he   o rde r   o f   magn i tude   a s sumpt ions  

4 
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i n  t h e   a n a l y s i s .   T h i s  is  p a r t i c u l a r l y   e v i d e n t  i n  the results p r e s e n t e d   f o r  
t h e   r i n g - s t i f f e n e d   s h e l l s   f o r   w h i c h   i n o r d i n a t e l y   l a r g e   n e g a t i v e   b - v a l u e s  
were c a l c u l a t e d  as a r e s u l t   o f   t h i s   a p p r o x i m a t e   s i n g u l a r i t y .  In  t h e  case 
o f  t h e  OA.833 t e n s i o n   s h e l l  a r e s u l t  a t t r i b u t a b l e   t o   t h i s   l i m i t a t i o n   o f   t h e  
independent mode a n a l y s i s  i s  so u n r e a l i s t i c   t h a t  it i s  d i sca rded  (see p .  8) 
and not included i n  i t s  load knockdown c h a r t .  I n  t h e  cases o f   t h e   r i n g -  
s t i f fened   cones   and   the  OA.65 t e n s i o n   s h e l l ,   t h e   l a r g e s t   n e g a t i v e   b - v a l u e s  
presented may a l s o   l e a d   t o   i n a c c u r a t e  results,  however ,   these   resu l t s  are  
i n c l u d e d   i n   t h e  knockdown c h a r t s   p r e s e n t e d .  

120"  Sandwich Cone (Ref.   15) 

The b a s e  and  nose  rings  used in   t he   p re sen t   ana lys i s   o f   t he   s andwich  
and  r ing-st i f fened  cones of  Reference  15 are not   inc luded   in   those   d i scussed  
i n   t h a t   r e f e r e n c e .  They are i n s t e a d   t u b u l a r   r i n g s   w i t h  6.00 i n .  O.D.  by 
0.156 i n .   t h i c k   f o r   t h e   b a s e   r i n g  and 2.50 i n .  O.D.  by   0 .125   in .   th ick   for  
the  nose  r ing.   These  edge  r ings were used   for   bo th   the  120" sandwich  and 
r ing-s t i f fened   cones .  

In  Table I are shown t h e   e s s e n t i a l  r e su l t s  for  the  120"  sandwich  cone 
of  Reference  15.   These  results are based on l ive   un i form pressure and a 
nonlinear  prebuckling s t a t e  a t  p = 6.20  psi.*  Values of b , a ,  and p presented 
i n   T a b l e  I and the   fo l lowing   tab les  are based on buckl ing modes normal ized   to  
have a normal   def lect ion  ampli tude  of   one  inch.**  Note  that   for  some harmonics, 
the  lowest  two modes were obtained.  However, the  complete   analysis  w a s  c a r r i e d  
through  only  for  those modes which  could  conceivably  control  buckling of t he  
i m p e r f e c t   s t r u c t u r e .  

Us ing   these   resu l t s   and   the  knockdown r e l a t i o n   i l l u s t r a t e d   i n   F i g u r e  1, 
t h e   c r i t i c a l   p r e s s u r e   c h a r t   ( F i g .  2) was cons t ruc t ed .  A s  shown, the  lowest  
buckl ing mode of t h e   p e r f e c t   s t r u c t u r e  (N = 7 )  con t ro l s   t he   buck l ing  of the 
imper fec t   s t ruc tu re   fo r   imper fec t ion   ampl i tudes   l e s s   t han   rough ly  0.0018 r a d .  

9: It i s  n o t e d   t h a t   i n   t h e  method used t o  compute   the   b i furca t ion   buckl ing  
modes (Ref.  18) i t  i s  not   necessary   tha t   the   load  ho a t  which  the  nonl inear  
prebuckling s ta te  i s  computed co inc ide   wi th   the   b i furca t ion   load  kc.  Good 
accuracy i s  o b t a i n e d   i f  h, i s  s u f f i c i e n t l y   c l o s e   t o  hc so  t h a t   t h e  p r e -  
buckl ing s ta te  a t  b i f u r c a t i o n  i s  approximated   by   the   superpos i t ion   o f   the  
nonl inear   p rebuckl ing  s ta te  a t  ho and a l i n e a r   p e r t u r b a t i o n   s t a t e   a b o u t  i t .  
I n   t h e   p o s t b u c k l i n g   a n a l y s i s  a l l  n e c e s s a r y   p r e b u c k l i n g   s t a t e   v a r i a b l e s  
( a n d   t h e i r   d e r i v a t i v e s   w i t h   r e s p e c t   t o  h )  are c o r r e c t e d ,   t o   f i r s t   o r d e r  
i n   t h e   d i f f e r e n c e   h c  - lo, t o   t h e   b i f u r c a t i o n   l o a d  h,. 

** Note t h a t   t h e   q u a n t i t i e s  CY b and @/CY, which  determine  the  snapping 
load  (Fig.   l ) ,   do  not   depend on the   no rma l i za t ion   o f   t he   buck l ing  mode. 
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For   l a rger   imperfec t ion   ampl i tudes ,  i t  is l i k e l y   t h a t   t h e  N = 6 mode would 
c o n t r o l . *   F o r   s u f f i c i e n t l y  small va lues   o f   the   curve   l abe led  max a im-  
p e r f e c t i o n   g i v e s   t h e  smallest p o s s i b l e  c r i t i ca l  load. The spread  between 
the   buckl ing  mode imperfec t ion   and   the  maximum a imperfec t ion   curves  is in- 
d i c a t i v e   o f   t h e   e f f e c t   o f   d i f f e r e n t   i m p e r f e c t i o n   s h a p e s .  The scale shown a t  
the   top  of F igu re  2 and  succeeding  f igures  relates the  root-mean-square  an- 
gu la r   ampl i tude   t o   t he   no rma l   de f l ec t ion   ampl i tude   fo r   buck l ing  mode i m -  
perfections.   Thus,   for  example  from  Figure 2,  an   imper fec t ion   p ropor t iona l  
t o   t h e  N = 7 buckl ing mode with  an RMS angular   ampli tude  of   one  mil l i radian 
has  a maximum norma l   r e f l ec t ion  of  0.0175  inch. 

120° Ring-Stiffened Cone (Ref.  15) 

In   Tab le  I1 are shown t h e  e s s e n t i a l  resul ts  € o r   t h e  120° r ing -  
s t i f fened   cone  of Reference  15. From t h e   r e s u l t s  shown i t  i s  s e e n   t h a t  
t h e   e f f e c t   o f   l i v e   p r e s s u r e  i s  more s i g n i f i c a n t   f o r   t h e   p o s t b u c k l i n g  
c o e f f i c i e n t  b than i t  i s  f o r   t h e   c r i t i c a l   p r e s s u r e  p . However, as  it  
does   for  p , t h i s   e f f e c t  on b diminishes   with  increasing  harmonic number. 
Based  on tke l i v e   p r e s s u r e   r e s u l t s   f o r  N = 5 and 6 and the   dead   pressure  
resu l t s  f o r  N = 7,  t h e   c r i t i c a l   p r e s s u r e   c h a r t   f o r   t h e   i m p e r f e c t   s t r u c t u r e  
(Fig.   3)  was cons t ruc ted .**   For   the   sake   o f   c la r i ty ,   the   curve   for   the  
N = 7 buckling mode imper fec t ion  i s  omit ted.  It l ies  wholly  above  the 
corresponding maximum imper fec t ion   cu rve   i n  much t h e  same manner as f o r  
N = 6 c u r v e s .   I n   t h i s  case, for   imperfec t ions   o f   modera te   s ize   the  much 
smaller v a l u e  of P f o r   t h e  N = 5 buckl ing mode imperfect ion  overcomes  the 
l a rge r   va lue   o f  CY f o r   t h e  maximum Q' imperfec t ion ,   so   tha t   the   buckl ing  
mode i m p e r f e c t i o n   r e s u l t s   i n  smaller c r i t i c a l  pressures. 

C 

It i s  noted ,   however ,   tha t   the  computed va lues   o f  B f o r   t h i s   c o n e  
(and the   r i ng - s t i f f ened   con ica l   capsu le   d i scussed   be low)  may not   be as 
accu ra t e  as the  B-values  computed f o r   t h e   o t h e r   s t r u c t u r e s .   F o r   t h e   r i n g -  
s t i f f e n e d   c o n e s   t h e  terms i n   t h e  B-formula [: Eq. (34b)  of  Ref. 31 which 
depend  quadra t ica l ly   on   p rebuckl ing   ro ta t ions  appea r  to   be   dominant  
terms. Because  of   the  current   program  l imitat ion  of  100 o u t p u t   p o i n t s  
fo r   she l l   r e sponse   va r i ab le s ,   t he   p rebuck l ing   ro t a t ion ,   wh ich   has  a r ap id  

* I n s o f a r  as these   and   t he   fo l lowing   r e su l t s ,   wh ich   neg lec t   i n t e rac t ions  
between two o r  more buckl ing modes, i n d i c a t e  a nonfundamental mode c o n t r o l l i n g  
the   buckl ing  of t h e   i m p e r f e c t   s t r u c t u r e ,   s i g n i f i c a n t  mode i n t e r a c t i o n s  are 
poss ib l e .  

** S t r i c t l y   s p e a k i n g ,   l i v e   u n i f o r m   p r e s s u r e  i s  n o t   c q n s e r v a t i v e   f o r  a s h e l l  
with  edge  r ings,  and i s  t h e r e f o r e  beyond t h e   s c o p e   o f   t h e   i n i t i a l   p o s t -  
buckling  theory  used  (Ref.  2) .  However, i t  i s  p r o b a b l e   t h a t   r e l a t i v e   t o  a 
l abora to ry  test o f   t h i s   s h e l l ,   t h e   l i v e   p r e s s u r e   r e s u l t s  are more a c c u r a t e  
than   the   cor responding   dead   pressure   resu l t s .  
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variation  between  rings  for  the  ring-stiffened  cones,  may  not  have  been 
obtained  with  sufficient  accuracy  for  these  terms  to  be  very  accurate.* 
This  loss  of  significance,  if  indeed  it  occurred,  may  be  accentuated  for 
the  buckling  mode  imperfection,  since  for  this  imperfection  the  terms  in 
question  tend to  cancel  each  other  out. In order  to  check  the  accuracy 
of the  $-values  obtained  for  the  ring-stiffened  cones,  the  analysis  for 
these  shells  should  be  repeated with,more output  points,  with  at  least 
two or three  output  points  between  each  adjacent  ring  pair. 

A s  seen  from  Figure 3,  for  imperfection  amplitudes  less  than  roughly 
0.0012 rad  the N = 7 harmonic  controls  the  buckling,  although  the  closeness 
of the  curves  indicates  that  any one of the N = 5, 6, or 7 nodes  could  be 
critical  depending on the  actual  imperfection  shape.  For  larger  imperfec- 
tions,  the N = 5 mode  appears to be  critical. 

120°  Sandwich  Cone  (Ref. 16) 

In  Table I11 are  shown  he  essential  results  for  the 120' sandwich 
conical  capsule (0.32  slug/ft',  300°F) presented  in  Reference 16. In  this 
and  the  following  cases  the  pressure  distribution  is  nonuniform  (treated 
as  dead  loading)  and  the  applied  load  is  characterized  by  the  load factor'X 
which  multiplies  the  expected  peak  dynamic  pressure  entry  load.  Thus h is 
the  safety  factor  for  buckling  failure,  and h > 1  corresponds  to  buckling 
loads  greater  than  that  expected  during  Mars  entry.  The  results  shown in 
Table I11 are  based  on a nonlinear  prebuckling  state  at h = 2.48.  The 
corresponding  snapping  loads  for  imperfect  shells  are  shown  in  Figure 4 .  
As shown,  only  two  imperfection-sensitive  modes, N = 5 and 4 appear  to 
play a role. It should be noted  that in  this  and  the  following  cases, 
the N = 2 mode  could  be  eliminated  from  consideration  simply  by  increasing 
the  base  ring  stiffness. 

120' Ring-Stiffened  Cone  (Ref. 16) 

In Table  IV  are  shown t e essential  results  for  the 120° ring-stiffened 
conical  capsule (0.32 sluglft , 300°F)  presented in Reference 16. These 
results  are  based on a nonlinear  prebuckling  state  at X = 2.16. In 
Figure 5 are  shown  the  corresponding  snapping  loads.  These  results  are 
similar  to  the  results  for  the  ring-stiffened  cone  of  Reference  15  (Fig.  3) 
in  that  for  imperfection  amplitudes  of  moderate  size  the  buckling  mode 
deflection  appears  to  be  the  most  detrimental  imperfection  shape. 
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* only  one  output  point  between  each  adjacent  ring  pair  was  used. 
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OA.833 Tension  Shel l   (Ref .   16)  

I n   T a b l e  V are  shown t h e   e s s e n t i a l   r e s u l t s   f o r   t h e  OA.833 t e n s i o n  
s h e l l   c a p s u l e   ( 0 . 3 2   s l u g / f t  , 300°F) presented   in   Reference   16 .   These  re- 
s u l t s  are based  on a nonl inear   p rebuckl ing  s ta te  a t  A =  2.25. It should  be 
n o t e d   t h a t   t h i s   d e s i g n   ( a n d   t h e  OA.65 t ens ion   she l l   des ign   d i scussed   be low)  
has  90 s t r inge r s   un i fo rmly   spaced   a round   t he   she l l   c i r cumfe rence .*   S ince  
i n   t h e   a n a l y s i s   t h e   s t r i n g e r   s t i f f n e s s  is  c i r c u m f e r e n t i a l l y  smeared o u t ,  
t h e   r e s u l t s   t e n d   t o   l o s e   s i g n i f i c a n c e   f o r ,   s a y ,  N > 20.  This i s  p a r t i c u l a r l y  
t r u e   f o r   t h e   b - c a l c u l a t i o n ,   f o r  which t h e  harmonic 2N p lays  a r o l e .  

2 

The ex t r eme ly   l a rge   nega t ive   b -va lue   ob ta ined   fo r   t he  N = 13 mode 
is  s p u r i o u s ,   r e s u l t i n g  from t h e   f a c t   t h a t   t h e   v a l u e   o f  X f o r  N = 26 i s  
v e r y   c l o s e   t o   t h e   v a l u e   2 . 4 8   f o r  N = 13, as may be  infer red   f rom  Table  V. 
A s  a c o n s e q u e n c e   t h e   d i f f e r e n t i a l   e q u a t i o n s   f o r   t h e  N = 26 harmonic com- 
ponen t   o f   t he   s econd-o rde r   con t r ibu t ion   t o   t he   pos tbuck led   s t a t e   a r e  
p r a c t i c a l l y   s i n g u l a r ,   a n d   t h e i r   s o l u t i o n  i s  s o  l a r g e  as t o   v i o l a t e   t h e  
order  of magn i tude   a s sumpt ions   i nhe ren t   i n   t he   ana lys i s .  A determina t ion  
o f  the  buckl ing  load knockdown as soc ia t ed   w i th   t he  N = 13 mode t h e r e f o r e  
r equ i r e s   cons ide ra t ion  of t h e   i n t e r a c t i o n   o f   t h i s  mode w i t h   t h e  N = 26 mode, 
and  such  an  analysis i s  beyond the   s cope   o f   t h i s   s tudy .  

The s n a p p i n g   l o a d s   c o r r e s p o n d i n g   t o   t h e   r e s u l t s   o f  T a b l e  V a r e  shown 
i n   F i g u r e  6. The buckl ing  mode imper fec t ion   cu rves   a r e   omi t t ed  f o r  the   s ake  
of c l a r i t y .   T h e s e  l i e  wholly  above  the  corresponding  curves shown f o r   t h e  
maximum a imper fec t ions .   Fo r   t he   r easons   d i scussed   above ,  no r e s u l t s   a r e  
shown f o r   t h e  N = 13 mode.  However,  even wi thou t   cons ide ra t ion  o f  t h i s  
mode, t h e  r e s u l t s  show  a s e r i o u s   l o s s   o f   s t a b i l i t y   d u e   t o   i m p e r f e c t i o n s .  
Consequen t ly ,   t h i s   con f igu ra t ion   p robab ly   shou ld   be   r edes igned   i n   o rde r   t o  
s u s t a i n   t h e   a n t i c i p a t e d   l o a d s .  

140' Sandwich Cone (Ref.  17) 

In   Tab le  V I  are shown t h e   e s s e n t i a l   r e s u l t s   f o r   t h e   1 4 0 1 ~  sandwich 
con ica l   capsu le   p re sen ted   i n   Re fe rence  1 7 .  These   r e su l t s  are based  on a 
nonl inear   prebuckl ing s ta te  a t  x = 2.00. The corresponding  snapping  loads 
are shown i n   F i g u r e  7 .  I n   t h i s   c a s e ,   t h e  c r i t i c a l  buckl ing mode ( N  = 5)  
f o r   t h e   p e r f e c t   s t r u c t u r e   h a s  a s tab le   pos tbuckl ing   behavior .  However, 
fo r   imper fec t ion   ampl i tudes   g rea t e r   t han   rough ly  0,001 r a d ,   l o w e r   c r i t i c a l  
loads   assoc ia ted   wi th   the   uns tab le  N = 4 mode are p o s s i b l e .  

,k The s t r i n g e r s   s u p p r e s s   t h e   r a p i d   v a r i a t i o n   o f   t h e   p r e b u c k l i n g   r o t a t i o n  
between  r ings  (cf.   Figs.   17  and  21 o f  Ref .   16) ,   thereby   e l imina t ing   the  
p o s s i b i l i t y  of a numerical  loss o f   a c c u r a c y   i n   t h e  @ - ca l cu la t ion   no ted  
e a r . l i e r   f o r   t h e   r i n g - s t i f f e n e d   c o n e s .  
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60°  Sandwich Spherical   Dish  (Ref.  1 7 )  

In   Tab le  V I 1  are shown t h e   e s s e n t i a l   r e s u l t s   f o r   t h e  60° sandwich 
sphe r i ca l   capsu le   p re sen ted   i n   Re fe rence   17 .   These   r e su l t s  are based  on 
a nonl inear   prebuckl ing s ta te  a t  h = 2.10.  The corresponding  snapping 
loads  are shown i n   F i g u r e  8. A s  shown, i t  i s  p o s s i b l e   f o r   e i t h e r   t h e  
N = 7, 6 o r  5 modes t o   c o n t r o l   t h e   b u c k l i n g   d e p e n d i n g  on t h e   s i z e  and 
shape  of   the  imperfect ion.  

OA.65 Tension  Shell   (Ref.  1 7 )  

Entry  Capsule  Configuration  Comparison 

With t h e   r e s u l t s   p r e s e n t e d   i n   F i g s .  2 - 9,  Table I11 of Reference 1 7  
can   be   en la rged   t o   i nc lude   t he   buck l ing   s a fe ty   f ac to r s   fo r   t he   s ix   en t ry  
capsule   conf igura t ions   wi th   geometr ic   imperfec t ions ,  as shown i n   T a b l e  I X .  
I n   t h i s   t a b l e ,  n i s  t h e  knockdown f a c t o r  by wh ich   t he   s a fe ty   f ac to r  i s  
reduced  by  the  assumed  imperfection. It i s  seen   tha t   the   th ree   sandwich  
capsules  are  less s e n s i t i v e   t o   g e o m e t r i c   i m p e r f e c t i o n s   t h a n   a r e   t h e   t h r e e  
r i n g - s t i f f e n e d   c a p s u l e s .   T h i s   r e s u l t  i s  in   apparent   agreement   with  the 
r e s u l t s  of   p rev ious   s tud ies   (Refs .  6 and  13)  which show t h a t ,   i n   g e n e r a l ,  
most  methods f o r   i n c r e a s i n g   t h e   b u c k l i n g   l o a d   w i t h o u t   a n   i n c r e a s e   i n  
s t r u c t u r a l   w e i g h t   t e n d   t o   i n c r e a s e   t h e   i m p e r f e c t i o n - s e n s i t i v i t y  as w e l l .  

- I f  one i n s i s t s  on a  50% sa fe ty   marg in   w i th   t he   imper fec t ion   ampl i tude  
4 = 0.005  rad, a l l   b u t  two o f   t hese   conf igu ra t ions  would r equ i r e   r edes ign ,  
t h e  two s u i t a b l e   d e s i g n s   b e i n g   t h e  120°  and  140°  sandwich  cones. I n   o r d e r  
t o  make the  comparison  between  these two conf igu ra t ions  more meaningful,  
one  can  use  Figure 28 o f   Re fe rence   19   t o   ad jus t   t he   s t ruc tu ra l   we igh t   o f  
t h e  120’ sandwich  cone t o  a va lue   compa t ib l e   w i th   t he   buck l ing   l oad   o f  
t h e  140°  sandwich  cone.  Assuming t h a t   t h e  knockdown factor   of   0 .79  remains 
unchanged,  one  can  compute a s t ruc tu ra l   we igh t   o f   app rox ima te ly   561   l b   fo r  
an optimum  120°  sandwich  cone  which  buckles a t  X, = 1 . 5 8   f o r  4 = 0.005  rad. 
Although t h i s  i s  7 l b  less t h a n   t h e   s t r u c t u r a l   w e i g h t   r e q u i r e d   f o r   t h e  140° 
sandwich  cone,   the   corresponding  res idual   weight  (WR) is  s t i l l  only 3839 l b ,  
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543 l b   s h o r t   o f   t h a t   a t t a i n a b l e   w i t h   t h e  140° sandwich  cone.  Thus,   structur- 
a l l y ,   t h e  120° and 140° sandwich  cones  appear  to  be  on a pa r ,   bu t   t he   h ighe r  
d r a g   c o e f f i c i e n t   o f   t h e  140° cone makes t h i s   c o n f i g u r a t i o n   t h e  more f avorab le  
des ign .  On t h e   o t h e r   h a n d ,   t h e   s t r u c t u r a l   w e i g h t   o f   t h e  120° r i n g - s t i f f e n e d  
cone   ad jus t ed   t o  1 s  = 1 .58  f o r  E = 0.005 rad is  approximately 600 l b  , re- 
s u l t i n g   i n  a res idua l   weight   o f  3800 l b ,  39 l b  less t h a n   t h a t   f o r   t h e  120' 
sandwich  cone.  The  effect   of  imperfections i s  therefore   seen   to   lower   the  
b a l l i s t i c   c o e f f i c i e n t  below  which r i n g - s t i f f e n e d   c o n s t r u c t i o n  i s  s u p e r i o r  
t o  sandwich  construct ion.  

CONCLUDING REMARKS 

C r i t i c a l   l o a d   c h a r t s   o f   e i g h t   g e o m e t r i c a l l y   i m p e r f e c t   s h e l l   c o n f i g u -  
r a t i o n s ,   s i x  of   which  have  previously  been  opt imized  for   considerat ion  as  
Mars ent ry   capsules ,   have   been   presented .   In   genera l ,   the   r ing-s t i f fened  
d e s i g n s   a r e  more s e n s i t i v e   t o   s m a l l   g e o m e t r i c   i m p e r f e c t i o n s   t h a n   a r e   t h e  
sandwich  designs. Of the   cand ida te  Mars capsu le   des igns   s tud ied ,   on ly  two, 
t h e  120' and  140°  sandwich  cones,  retain a t   l e a s t  a 50 percent   margin of 
s a f e t y   a t  a root-mean-square  angular   imperfect ion  ampli tude  of  0 .005 r ad .  
Of t h e s e  two, t h e  140' sandwich  cone is favored  because  of  i t s  h ighe r   d rag  
coef f ic ien t   and ,   hence ,   res idua l   weight   ava i lab le   for   l anded   payload .  

The second  imperfection  parameter /3 apparent ly   p lays   an   impor tan t  
r o l e   i n   p r e d i c t i n g   t h e   b u c k l i n g   l o a d s   o f   r i n g - s t i f f e n e d   s h e l l s  a t  reason- 
ab le   va lues   o f   t he   imper fec t ion   ampl i tude .   In  some cases  i t  can  cause  an 
imper fec t ion   shape   p ropor t iona l   t o   t he   buck l ing  mode displacements   to   be 
more de t r imen ta l   t han   t he   imper fec t ion   shape   w i th   max imizes   t he   f i r s t  i m -  
per fec t ion   parameter  a . However, t he   t heo ry  upon  which p i s  based   impl ic i t ly  
neg lec t s   o the r  terms of   the  same orde r .   The re fo re ,   t he   a sympto t i c   imper fec t ion  
ana lys i s   should  b e  sys temat ica l ly   recons idered   to   de te rmine   to   what   ex ten t   the  
snapping   load   express ion   inc luding  /3 s h o u l d   b e   a l t e r e d .  

A d e f i c i e n c y   i n   t h e   a n a l y s i s  upon  which t h e   f o r e g o i n g   r e s u l t s   a r e  
based is  the  independent   t reatment   of   each  of   the  buckl ing modes of   the 
per fec t   s t ruc ture .   In   those   cases   where   nonfundamenta l  modes appea r   t o  
p roduce   t he   c r i t i ca l   l oad   o f   t he   imper fec t   s t ruc tu re ,  i t  i s  l i k e l y   t h a t   t h e  
interact ion  between two o r  more modes is  not   negl igible .   For   such  problems,  
which,  from t h e   r e s u l t s   p r e s e n t e d ,   a p p e a r   t o   b e  common f o r   p r a c t i c a l   s t r u c t u r e s ,  
a d d i t i o n a l   a n a l y s i s  is  necessary .  
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2 

3 

4 

5 

6 

7 

8 

9 

11 

- 

P, (ps i 1 

9.95 

-26 

13.75 

8 . 7 8  

6.99 

6.63 

51.8 

6.90 

7.49 

29 .8  

9.20 

26.25 

TABLE I 
120' SANLIWICH CONE ( R e f .  15) 

" -A- 

b 

0.030 

1.124 

-0.218 

-0.079 

0.011 

0.088 

0.231 

20.7 

18.8 

'mode 

19.8 

18.3 



,(a> p (b) N c  
(psi)  (psi) 

C 

2 

3 

4 8.69  8.63 
5 5.21  5.18 

6 4.23  4.22 
14.03 

7 4.11  4.11 
10.36 

8 4.30  4.30 
9.34 

9 

10 5.24 

12  6.72 

TABLE I1 

120' R I N G  STIFFENED CONE (REF. 15) 

(a> (b)  
b b 

-0.034  -0.019 

,39.2 -16.8 

-0.594  -0.586 

-0.465 

-0.357 

0.030 

0.424 

( c >  
b 

i . 02~10-~ 
. .18 

-0.030 34.4 
24.0 

19.2 

17.2 

16.7 

- 

35.1 

24.2 

19.3 

53.9 

31.6 

z5.6 

16.5 

15.0 

13.9 

13.1 

12.8 

L 

a Based on dead pressure  and a nonlinear  prebuckling state at p = 4.20 psi. 

bBased  on  live  pressure  and a nonlinear  prebuckling state at p = 4.00 psi. 

Based on  live  pressure  and a nonlinear  prebuckling state at p = 8.00 psi. C 

16.6 
15.1 

13.9 

16.3 

13.2  13.2 

12.8 



~ 

N 
" 
~ 

2 

3 

4 

5 

6 

8 

10 
- 

h 
C 

2.18 

4.04 

2.82 

2.44 

2.54 

3.18 

4.11 

TABLE I11 

120° SANDWICH CONE (Ref.  16)a 

b 

3. O ~ X ~ O - ~  

-0.189 

-0.0452 

-0.0114 

52.3 

40.0 

33.3 

63.9 

44.0 

35 .O 

cy mode 

33.0 

28.9 

26.0 

'mode 

32.3 

28.6 

25.9 

~ 

N 
- 

2 

3 

4 

5 

6 

7 

9 

11 
- 

I C  

2.19 

3.52 

2.28 

2 .OB 

2.17 

2 . 2 2  

2.58 

3.47 

TABLE I V  

120' RING-STIFFENED CONE (Ref.  16) 

b 

- 1 . 9 3 ~ 1 0 - ~  

-0.17 

-3.17 

-0.32 

0.06 

0.45 

1.11 

2.04 

& 

212.6 

65.8 

41.0 

29.8 

581. 

258. 

179. 

CY mode 

61.6 

19.7 

18 .1  

15.4 

'mode 

58.5 

13.3 

14 .1  

a The s t a b i l i t y   s a f e t y   f a c t o r s  shown i n   t h i s  and  the  fol lowing  tables  show 
s l i g h t   d e v i a t i o n s  from  those  reported  in   References 16 and  17  due p r i -  
m a r i l y   t o   t h e  more prec ise   hea tsh ie ld   weights   (and   hence   iner t ia l   loads)  
used  i n   t h e   p r e s e n t   p r e b u c k l i n g   s t a t e   c a l c u l a t i o n s .  



I- 
N 

2 

3 

4 

6 

8 

10 

1 2  

13  

14 

15 

16 

1 7  

18 

20 

24 

A 
C 

2.16 

4.77 

5.76 

5 .51  

4.16 

3 ..l4 

2.63 

2.48 

2.38 

2.32 

2.28 

2.262 

2.263 

2.30 

2.44 

TABLE V 

OA .833 TENSION SHELL ( R e f .  16) 

b 

1.4 

7.2 

-295. (a)  

-6.74 

-2.65 

-0.969 

0.0018 

0.656 

1.45 

a h 

. . 

210.7 

25.7 

23.6 

21.8 

20.3 

~ ". 

s^ 

272. 

32.4 

28.7 

25.6 

23.1 

. ." - 

CY 
mode 

46.6 

11.8 

11.5 

11.1 

10.9 

"~ @mode 

43.6 

. .  

10.3 

10.2 

10.0 

9.94 

" 

TABLE V I  

140' SANDWICH CONE (Ref. 17) 
~ _ _  

"- 'mode 

56.0 

35.7 

a This   va lue  i s  spur ious  due t o  t h e   c l o s e n e s s  of xc for N=26 
t o  2.48 (cf d i scuss ion  on Page 8 ) .  
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" 

N 

2 

3 

4 
5 
6 

7 

8 

9 

11 

-~ " . "~ 

- 

h 

2.08 

4.35 

3.13 

2.36 
2.09 

2.06 

2.15 

2.33 

2.84 

C 
" ~ - 

~ 

TABLE VI1 

60' SANDWICH SPHERICAL D I S H  ( R e f .  17) 

b 

3.2 6 x N 4  

-0.576 

-0.168 

-0.121 

-0.092 

8 

45.0 
36.2 

31.0 

27.5 

64.4 
44.4 
35.1 

29.9 

CY mode 

34.0 

29.4 

26.2 

23.9 

'mode 

29.3 

25.8 

23.8 

22.3 

N 
" 

2 

3 

4 
6 

9 

10 

11 

12 

13 

14 

15 

17 

18 

21 - 

~ lc 

2.22 

3.34 

4.18 

4.07 

3.05 

2.84 

2.71 
3.97 

2 .62 

2.58 

2.561 
3.79 
2.565 

2.61 
3.94 

2.65 

2.77 

TABLE VI11 

OA .65 TENS ION SHELL ( R e f .  17) 

6.81 

-5.08 

-1.04 

-0.115 

0.38 

0.70 

1.05 

h 

CY 

227 .O 

24.5 

22.7 

21.1 

392. 

29.6 

26.5 

24.0 

cy mode 

48.5 

13.2 

12.8 

12.4 

'mode 

41.4 

12.5 

12.2 

11.9 

I II 



TABLE I X  

B U C a I N G  SAFETY  FACTORS FOR IMPERFECT CAPSULE 
CONFIGURATIONS FOR MARS EN TRY^ 

Configuration 

120' Sandwich  coneb 

140' Sandwich  cone 

60' Sandwich s p h e r i c a l  
d i sh  

OA.65 Tens ion   she l lb  

120' Ring-stiffened 
cone 

OA. 833 Tens ion   she l l  

I 
b '  

il 

wS 
(Ib) 

5 85 

5 68 

5 15 

597 

559 

605 

WR 
(Ib) 

3815 

4382 

4065 

4828 

3841 

4595 

- 
= 0.0025 rad 

As 

2.12 

1.75 

1.72 

1.76 

1.60 

1.51 

r) 

0.97 
(0.87) 

0.91 

0.83 

0.79 
(0.69) 

0.77 

0.70 
(0.67) 

J L 

c =  0.005 rad 

1.92 

1.58 

1.48 

1.46 

1.29 

1.24 

r )  

0.88 
(0.79) 

0.82 

0.72 

0.66 
(0.57) 

0.62 

0.57 
(0.55) 

Adjusted - 

ws Weig 

561 

600 

tsc 

WR 
3839 

3800 

a Based on o r b i t   e n t r y   w i t h  a b a l l i s t i c   c o e f f i c i e n t  o f  0.32 s l u g / f t  2 . 
bFor   these   she l l s ,   the  N=2 mode i s  c r i t i c a l  fo r   t he   pe r f ec t   she l l ,   and   consequen t ly   t he  
r)-factors are based  on  the N=2 buckling  loads a t  {=O. The  knockdown fac tors   neglec t ing  
t h e  N=2 rmdes are given  in   parentheses .  

C Adjust   to  As = 1.58 f o r  6 = 0.005 rad   us ing   resu l t s   o f   Reference  19. 
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FIGURE 1. CRITICAL LOADS OF IMPERFECTION SENSITIVE STRUCTURES 
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FIGURE 2 .  120-DEGREE SANDWICH  CONE (REFERIENCE 15) 
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FIGURE 3. 120-DEGREE  RING-STIFFENED  CONE  (REFERENCE 15) 
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FIGURE 4 .  120-DEGREE  SANDWICH CONE (REFERENCE 16) 
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FIGURE 5. 120-DEGREE  RING-STIFFENED  CONE  (REFERENCE 16) 



C 

U 

C 

4 
9 
0 

W 
I- 
m 
3 
0 

N In 
N 

0 
3 

\o 
N 
rl 

0 
9 

0 

0 

FIGURE 6. OA .833 TENSION SHELL (REFERENCE 16) 
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FIGURE 7. 140-DEGREE SANDWICH CONE  (REFERENCE 17) 
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FIGURE 8. 60 DEGREE SPHERICAL  DISH (REFERENCE 17)  
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